Effects of four-Fermi-type new interactions are studied in top-quark pair production and their subsequent decays at future e + e − colliders. Secondary-leptonenergy distributions are calculated for arbitrary longitudinal beam polarizations. An optimal-observables procedure is applied for the determination of new parameters. a)
Introduction
The Standard Model of the electroweak interactions (SM) have so far never failed in describing various low-and high-energy phenomena in particle physics. In spite of this success, however, a more fundamental theory is desired in order to eliminate arbitrariness embedded in the SM. Once we assume a specific model, e.g. SUSY model as a candidate, we will be able to calculate cross sections and/or decay widths and test the model comparing predictions with experimental data. Here, however, we will follow a general model-independent strategy adopting an effective lagrangian [1] to describe non-standard physics. We will discuss thereby an influence of beyond-the-SM interactions on a production and decay of top quarks at future e + e − colliders (NLC).
In our approach non-standard interactions are parameterized in terms of a set of effective local operators that respect symmetries of the SM. The operators are gauge invariant with canonical dimension > 4. In order to write down the effective lagrangian explicitly, we have to choose the low-energy particle content. Here we will assume that the SM spectrum correctly describes all such excitations. Thus we imagine that there is a scale Λ, at which new physics becomes apparent, and all new effects are suppressed by inverse powers of Λ. A catalogue of the operators up to dimension 6 is given in [1] .
Some of the new interactions in the effective lagrangian generate corrections
to the SM couplings like γqq, Zqq, W′ etc.. In our recent works [2, 3, 4] , we have discussed consequences of modified vector-boson couplings to fermions. In this paper, we shall focus on four-Fermi interactions and study their effects on the secondary-lepton-energy distributions in the process e + e − → tt → ℓ ± · · ·. In section 2, we list all four-Fermi operators and present the corresponding effective lagrangian which contribute to e + e − → tt and t → bℓ + ν ℓ /t →bℓ −ν ℓ . In section 3 we derive the secondary-lepton-energy distributions, and in section 4 we apply the optimal observable procedure [5] to determine couplings of the four-Fermi operators. We summarize our results in the final section. In the appendix we present explicit formulas for the angular distribution of polarized top quarks produced at e + e − scattering (A), the decay width of t andt (B) and some relevant functions used for the energy spectrum of secondary leptons (C and D).
Four-Fermi effective operators
a. tt production Let us start with e + e − → tt. The following tree-level-generated operators [6] will directly contribute to this process:
Given the above list the lagrangian which we will use in the following calculations is:
where α's are the coefficients which parameterize non-standard interactions. It should be emphasized that, according to the classification developed in ref. [7] , coefficients in front of four-Fermi operators may be large since the operators could be generated at the tree level of perturbation expansion within certain underlying theory. ♯1
After Fierz transformation the part of lagrangian containing the above four-Fermi operators can be rewritten as follows [6] :
with the following constraints satisfied by the coefficients:
Assuming the underlying theory is a gauge theory and the perturbative expansion is justified.
where
We will use the following more convenient notation: is shown in appendix A. Since the electron mass is negligible, there is no interference between scalar-tensor and vector interactions. Therefore contributions to the cross section generated by the scalar-tensor four-Fermi operators are of order (α i s/Λ 2 ) 2 .
However, the SM amplitude shall interfere with contributions from the vector four-Fermi operators, which leads to terms of order α i s/Λ 2 .
b. t andt decays
The following operators are found to contribute directly to decays of top quarks:
We will parameterize the corresponding lagrangian in the following way:
The coefficients satisfy the constraints:
For non-zero coefficients we get
We adopt for the notation:
The differential decay rate for an unpolarized top quark including both the SM and four-Fermi effective operators is given in appendix B. In its calculations the narrow-width approximation mentioned in the next section has been adopted.
Therefore non-zero contributions to the decay amplitude from the SM are concentrated around (p ℓ + p ν ) 2 ≃ M 2 W in the phase space. That means that we can ignore interference between the SM and four-Fermi operators in the decay. Corrections to differential decay rate are thereby of order (α i m t M W /Λ 2 ) 2 .
Energy spectrum of secondary leptons
We will treat all the fermions except the top quark as massless and adopt the technique developed by Kawasaki, Shirafuji and Tsai [8] . This is a useful method to calculate distributions of final particles appearing in a production process of on-shell particles and their subsequent decays. The technique is applicable when the narrow-width approximation
can be adopted for the decaying intermediate particles. In fact, this is very well
Adopting this method, one can derive the following formula for the inclusive distribution of the single-lepton ℓ + /ℓ − in the reaction e + e − → tt → ℓ ± X :
where B ℓ is the leptonic branching ratio of t, r and α 4F i are defined in appendix B, f (x) and g(x) (Arens-Sehgal functions [10] ) are recapitulated in appendix C,
with E ℓ being the energy of ℓ in e + e − c.m. frame and β ≡ 1 − 4m 2 t /s, and
V,A,VA defined in appendix A and
Below the SM-threshold x th = r(1−β)/(1+β) one can observe only new-physics contributions. Therefore any non-zero signal measured in this region must come from non-standard effects, however it may be difficult to perform measurements for x < x th (=0.035 for √ s = 500 GeV).
Optimal-observable procedure
Let us briefly summarize the optimal-observable procedure introduced in ref. [5] .
Suppose we have a cross section:
where f i (φ) are known functions of the final-state phase space φ and c i are modeldependent coefficients. These coefficients can be extracted by using appropriate
There is a choice of w i (φ) which minimizes the resultant statistical error. Such functions are given by
With these weighting functions, the statistical uncertainty of c i is estimated to be
where σ T ≡ (dσ/dφ)dφ and N = L eff σ T is the total number of events with L eff being the integrated luminosity times the detection efficiency.
Preserving only the leading terms (up to 1/Λ 4 ) in the scale of new physics, one can rewrite the formula for the energy spectrum of a single lepton in a suitable form for application of the above optimal procedure:
with We will consider here • unpolarized initial lepton beams,
• polarized beams with P e − = −P e + ≡ P e = 0.9 and 0.99, adopting, for illustration, three sets of the coefficients α i :
In the following the results are given at for P e = 0.9, Λ = 3 TeV, √ s = 500 GeV and the parameter set (1) . Below in Tables 1, 2 and 3 we present c 5 and ∆c 5 calculated for two sets of α's (set (1) and (2)), unpolarized and polarized (P e = 0.9) beams with √ s = 500, 750 and 1000
GeV, respectively. There, all the operators of dimension greater than 6 have been neglected. Therefore certain criteria for an applicability of the perturbation expansion should be adopted. Hereafter we will present results only if the relative correction to the total cross section for e + e − → tt does not exceed 30%. Table 1 : c 5 and ∆c 5 calculated for unpolarized and polarized (P e = 0.9) beams adopting two sets of coefficients α i for √ s = 500 GeV. Table 2 : c 5 and ∆c 5 calculated for unpolarized and polarized (P e = 0.9) beams adopting two sets of coefficients α i for √ s = 750 GeV. "−" indicates that for parameters chosen the correction to σ(e + e − → tt) exceeds 30 %. Table 3 : c 5 and ∆c 5 calculated for unpolarized and polarized (P e = 0.9) beams adopting two sets of coefficients α i for √ s = 1000 GeV. "−" indicates that for parameters chosen the correction to σ(e + e − → tt) exceeds 30 %.
First of all one shall conclude from the tables that the statistical significance of the non-standard signal (for an observation of c 5 ) N SD ≡ |c 5 |/∆c 5 depends strongly on the choice of the coefficient set; e.g. for √ s = 500 GeV, P e = 0 and Λ = 3 TeV we read from Table 1 N SD =1.1 and 5.6 for the set (1) and (2) respectively. The effect is caused by an accidental cancellation in the value of c 5 for the set (1) . It is also seen from Table 1 For polarized-initial-lepton beams a useful measure of contributions from the scalar-tensor four-Fermi operators in the production could be the energy-spectrum asymmetry a(x) introduced in [10, 12] , which is given by
in our approximation. Indeed it seems to be a good measure of ξ ( * ) which receives contributions only from the scalar-tensor operators. It should be noticed, however, that the value of ξ ( * ) depends very strongly on initial-lepton-beam polarizations:
effectively it takes a non-vanishing value only in the vicinity of P e = 1, e.g., for Λ = 7 TeV one has |ξ ( * ) | > 0.2 for P e > 0.98. Figure 1 shows a(x) ♯3 for various values of Λ, P e (= P e − = −P e + ) = 0.9 and 0.99, and two coefficient sets (1) and (3).
Here the coefficient set (3) has been adopted to avoid an accidental cancellation between α lq and α lq ′ in the value of S LL (see eq. (4)). In fact it is seen from the figure that the asymmetry for the set (3) gains an extra factor of about 2 in comparison with the set (1) . An increase of P e enhances the relative strength of the new-physics effects (from scalar-and tensor-operators), because the opposite polarization of initial e ± beams reduces the SM (or more generally vector-operator) contribution.
Thus it causes an intensification of a(x) dependence on the new-physics energy scale Λ, as seen from the figure. Therefore large P e allows to penetrate higher energy scales. One should, however, keep also in mind that raising of P e (and the resultant depression of the vector-operator contribution) is accompanied by a rapid decrease ♯3 Calculated according to the general form of dσ/dx given by the equation (8).
of the number of events, see Tab. 4. The polarization necessary to obtain sufficient sensitivity of dσ/dx to four-Fermi operators turns out to suppress the total cross section below 0.1 pb. Therefore even though dσ/dx is quite sensitive to the vectortype effective operators it is not an appropriate observable itself. It may have already been noticed in Tables 1, 2 and 3 that the polarization usually decreases 
Summary
Next-generation linear colliders of e + e − , NLC, will provide the cleanest environment for studying top-quark interactions. There, we shall be able to perform detailed tests of top-quark couplings and either confirm the SM simple generationrepetition pattern or discover some non-standard interactions. In this paper, we focused on the four-Fermi-type new interactions, and studied their possible effects in e + e − → tt → ℓ ± · · · for arbitrary longitudinal beam polarizations. Then, the recently proposed optimal-observables technique [5] has been adopted to determine non-standard couplings through single-leptonic-spectrum measurements.
There are scalar-, vector-and tensor-type four-Fermi interactions contributing to our process. Since the first and last ones do not interfere with the standard contribution, their effects were found too small to be detected in the secondarylepton-energy spectrum, though the details depend on the size of the new-physics scale Λ. On the other hand, the vector interactions can interfere with the SM contributions, so there seems to be a chance to detect their effects through the optimal observables if Λ is not too high (Λ < ∼ 7 TeV for √ s = 500 ∼ 1000 GeV).
In order to detect a signal of the scalar-and tensor-interactions, we found that the lepton-energy asymmetry a(x) introduced in [10, 12] might be useful when we achieve highly-polarized e ± beams. For example, the size of |a(x)| could reach 0.3∼0.4 even for Λ = 3 TeV if we have P e = P e − = −P e + = 0.9. It is still not easy to study this quantity experimentally since such a polarization decreases strongly the total number of events, however it is far more effective to use a(x) than to use the energy distribution dσ/dx directly. (1) Scalar-Tensor operators : 
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(2) Standard Model plus Vector operators :
where D ( * ) 
